A. Komech, M. Kunze and H. Spohn have studied the joint dynamics of a classical point particle and a wave type generalization of the Newtonian gravity potential, coupled in a regularized way. In the present paper the many-body version of this model is studied and its Vlasov continuum limit constructed.
Introduction
To bring about a modest change in the lamentable state of affairs of the rigorous microscopic foundations of relativistic Vlasov theory 1 [Vla61] , in this paper we establish the Vlasov continuum limit for a regularization of the following almost special-relativistic generalization of the Vlasov-Poisson equations for Newtonian self-gravitating systems, comprising the continuity equation
on (q, p) phase space, where v is the velocity of a generic particle with momentum p,
Y. Elskens, M. K.-H. Kiessling, V. Ricci (in units in which the empirical mass is unity 2 ), and the inhomogeneous wave equation
on q space, where = −∂ 2 t + ∂ 2 q is the d'Alembertian, 3 and where
is the normalized density of particles attributed to the space point q ∈ R 3 at time t ∈ R. Clearly, φ(q, t) is a wave-like generalization of the Newtonian gravity potential generated by ρ(q, t), and f (q, p, t) is the normalized density of particles attributed to the phase-space point (q, p) ∈ R 3 × R 3 at time t ∈ R. We remark that although a normalized density f ( ·, ·, t) formally satisfies the definition of a probability density function, f ( ·, ·, t) is more properly thought of as (an approximation to) the actual empirical phase space density of particles for an individual many-body system. We note that our set of Eqs. (1)- (4) is not meant to be taken physically seriously in itself. In particular, the model is not seriously Lorentz-covariant. Moreover, while in the strictly non-relativistic regime it formally reduces to the Vlasov-Poisson equations for a Newtonian gravitational system, our model itself does not seem to be an asymptotic limit of the general-relativistic Vlasov-Einstein, or of the special-relativistic Vlasov-Nordström equations. Its derivation from a microscopic model mainly serves as a simpler primer for the derivation of the special-relativistic Vlasov-Maxwell equations of electromagnetism, which we undertake in a sequel to this paper. Indeed, except for a single sign switch, the model (1)-(4) coincides with a simple truncation of the usual set of special-relativistic Vlasov-Maxwell equations for a single species of (say, positively charged) particles, obtained as follows: 4 in the Vlasov-Maxwell equations, the electromagnetic fields E and B are expressed in terms of the electromagnetic potentials φ and A as B = ∇ × A and E = −∂ t A − ∇φ, gauged by the Lorentz-Lorenz condition ∂ t φ + ∇ · A = 0; one then purges the inhomogeneous vector wave equation for A and all terms involving (derivatives of) A in the Lorentz force. This mutilation of the VlasovMaxwell equations, a truncated electrodynamical model without magnetic fields, would seem better suited to practice the derivation of the Vlasov-Maxwell equations; however, it has the technically unpleasant feature not shared by the Vlasov-Maxwell equations that its energy functional is unbounded above and below. Curiously, and contrary to what one might have thought, a lower bound of the energy functional (at least for small data) can be ensured by switching the sign in front of ∂ q φ in the truncated Lorentz force, which thus becomes quasi-gravitational.
Ideally, we would like to prove that the kinetic equations (1)-(4) constitute a continuum limit for the dynamics of an atomistic system of N classical point particles that 2 We use natural dimensionless units to avoid burdening the equations with irrelevant dimensional constants. Conversion of Eqs. (1)- (4) to the more conventional Gaussian units for a "gravitational" system is effected
here, c is the speed of light, G is Newton's constant of universal gravitation, N is the total number of particles in the system, and m is the empirical mass of a particle. Note that ρ and f retain the normalization of probability densities on R 3 and R 6 . 3 We write ∇ 2 ≡ ∂ 2 q ≡ div grad rather than , for is used with a different meaning later on. 4 To obtain this "truncated Vlasov-Maxwell system" in Gaussian units from our dimensionless equations (1), (2), (3), (4), replace t → N ct, q → Nq, v → v/c, p → p/(mc), f → 4π e 2 cm 2 f /N , ρ → 4π e 2 ρ/(N mc 2 ), φ → eφ/(mc 2 ) in (1) but φ → −eφ/(mc 2 ) in (3); here, c, m, and N have the same meaning as for the "gravitational" system, while e is the empirical charge of a particle.
